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THERE ARE NO 76 EQUIANGULAR LINES IN R19
WEI-HSUAN YU
Abstract. Maximum size of equiangular lines in R19 has been
known in the range between 72 to 76 since 1973. Acoording to the
nonexistence of strongly regular graph (75, 32, 10, 16) [1], Larmen-
Rogers-Seidel Theorem [20] and Lemmen-Seidel bounds on equian-
gular lines with common angle 1
3
[22], we can prove that there are
no 76 equiangular lines in R19. As a corollary, there is no strongly
regular graph (76, 35, 18, 14). Similar discussion can prove that
there are no 96 equiangular lines in R20.
1. Introduction
A set of lines in Rn is called equiangular if the angle between each
pair of lines is the same. We are interested in the upper bounds on the
number of equiangular lines in Rn. Denote this quantity byM(n). The
purpose of this paper is to prove that there are no 76 equiangular lines
in R19. Since 1973, M(19) has been known to be between 72 and 76.
The past four decades have seen no improvement on this bound. From
Witt design, we can construct 72 equiangular lines in R19[27, p. 148].
The upper bound 76 is the relative bound for equiangular lines in [22]
and also a semidefinite programming bound in [7]. After our results,
M(19) will be reduced to the range 72-75 and we conjecture that 72 is
the maximum in R19.
The problem of determining M(n) has been studied for almost seven
decades, yet we still know very little. Until recently the maximum
number of equiangular lines in Rn was known only for 35 values of the
dimension n. We know M(n) for most values of n if n ≤ 43. However,
the cases for n = 14, 16, 17, 18, 19, 20 and 42 are still open. The history
of this problem started with Hanntjes [19] who found M(n) for n = 2
and 3 in 1948. Van Lint and Seidel [21] found the largest number of
equiangular lines for 4 ≤ n ≤ 7. In 1973, Lemmens and Seidel [22]
determine M(n) for most values for 8 ≤ n ≤ 23. Barg and Yu [7]
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determine M(n) for 24 ≤ n ≤ 41 and n = 43. For other works on the
bounds for equiangular lines, please see [18], [12] and [25].
We sketch below the approach of our main results. First, we will
prove that if there exist 76 equiangular lines, the common angle has to
be 1
3
or 1
5
. Then, by Lemmen-Seidel’s bounds for equiangular lines with
the angle 1
3
, we know that 1
5
is the only possible angle. Furthermore, if
there exist 76 equiangular lines in R19 with the common angle 1
5
, it gives
rise to an equiangular tight frame (ETF), which implies the existence
of the strongly regular graph (75,32,10,16) [30]. Azarija and Marc [1]
proved the nonexistence of the strongly regular graph (75,32,10,16).
Therefore, there are no 76 equiangular lines in R19.
By the classical treatment of strongly regular graphs (SRGs), the
projection of the vertex set onto a non-trivial eigenspace is a spherical 2-
distance set and a 2-design [13]. The projection of srg(76,35,18,14) and
its complement srg(76,40,18,24) will both form a spherical 2-distance
set with inner product values ±1
5
in R19. Namely, it gives rise to a 76
equiangular line set in R19 with the angle 1
5
which contradicts our main
result. As a corrolary, we can show the nonexistence of these two SRGs.
If the srg(76,30,8,14) or its complement srg(76,45,28,24) exists, there
exist 76 equiangular lines in R57 with the common angle 1
15
. By the
existence of complementary ETFs, we will have 76 equiangular lines in
R
19 with the common angle 1
5
. Therefore, these two SRGs do not exist.
Similar discussion also can prove that there is no 96 equiangular lines in
R
20 and the nonexistence of srg (96, 45, 24, 18) and srg(96, 38, 10, 18).
In the last section, we discuss the connection between ETFs, SRGs,
spherical few-distance sets and spherical designs.
2. Prelimanaries
A set of lines in Rn is called equiangular if the angle between each
pair of lines is the same. If we have M equiangular lines in Rn, then
we will have a set of unit vectors {xi}Mi=1 such that |〈xi, xj〉| = c for all
1 ≤ i 6= j ≤ M , where c is a positive constant. We call c the common
angle of the equiangular lines. When the number of equiangular lines
is large enough, the common angle will be the reciprocal of an odd
integer. Neumann proved the following theorem.
Theorem 2.1. (Neumann [22]) If we have M equiangular lines in Rn
and M > 2n, then the common angle will be 1
2k−1 , where k ∈ N.
Then, Larman, Rogers and Seidel proved a similar result for spherical
two-distance sets. A set of unit vectors S = {x1, x2, ...} ⊂ Rn is called
a spherical two-distance set if 〈xi, xj〉 ∈ {a, b} for some a, b and all
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i 6= j. The study of upper bounds of spherical two-distance sets can
be found in [6].
Theorem 2.2. (Larman, Rogers, and Seidel [20]). Let S be a spherical
two-distance set in Rn. If |S| > 2n + 3 and a > b, then b = ka−1
k−1 for
some integer k such that 2 ≤ k ≤ 1+
√
2n
2
.
The condition |S| > 2n+3 was improved to |S| > 2n+1 by Neumaier
[24]. If the spherical two-distance set gives rise to equiangular lines,
then a = −b. So Theorem 2.2 implies that a = 1
2k−1 , where k ∈
N , which is the statement of the Neumann theorem in [22]. The
assumption of Theorem 2.2 is more restrictive than that of Neumann’s
theorem, but in return we obtain an upper bound on k. For instance
when n = 19, the common angle has to be 1
3
or 1
5
which cannot be
deduced from Neumann’s Theorem.
A finite collection of vectors S = {xi}Mi=1 ⊂ Rn is called a finite frame
for the Euclidean space Rn if there are constants 0 < A ≤ B <∞ such
that for all x ∈ Rn
A||x||2 ≤
M∑
i=1
|〈x, xi〉|2 ≤ B||x||2.
If A = B, then S is called a tight frame. Benedetto and Fickus [9]
introduced a useful parameter of the frame, called the frame potential.
For our purposes it suffices to define it as FP (S) =
∑M
i,j=1 |〈xi, xj〉|2.
We can derive the lower bounds of frame potential and the minimizers
are tight frames.
Theorem 2.3. [9, Theorem.6.2] If S is a set of unit vectors {xi}Mi=1 in
R
n and M > n, then
(1) FP (S) ≥ M
2
n
with equality if and only if S is a tight frame.
If the set S is a tight frame and equiangular, i.e. |〈xi, xj〉| = c for
all i 6= j, then S is called an equiangular tight frame (ETF). ETFs
have many nice properties. For instnace, they are Grassmanian frames
[26] and attain the classical Welch bound [28]. The Welch bound is the
famous lower bound on the coherence.
Theorem 2.4. If we have a set of unit vectors S = {xi}Mi=1 in Rn, then
max
i 6=j
|〈xi, xj〉| ≥
√
M − n
n(M − 1) ,
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where equality holds if and if S is an ETF.
When M and n are given for an ETF, the common angle is deter-
mined as
√
M−n
n(M−1) . We use ETF(n, M, c) to denote M points ETF in
R
n with the common angle c. ETFs are closely related to strongly reg-
ular graphs (SRGs) which form the main source of their constructions.
A regular graph of degree k on v vertices is called strongly regular if
every two adjacent vertices have λ common neighbors and every two
non-adjacent vertices have µ common neighbors. Below we denote such
strongly regular graph by srg(v, k, λ, µ) .
Waldron [30] proved that the existence of ETFs is equivalent to the
existence of SRGs with certain parameters.
Theorem 2.5. [30, Corollary 5.6] There exists an equiangular tight
frame of M > n + 1 vectors for Rn if and only there exists a strongly
regular graph G of the type
srg(M − 1, k, 3k −M
2
,
k
2
), k =
1
2
M − 1 + (1− M
2n
)
√
n(M − 1)
M − n .
Consequently, we have the following lemma.
Lemma 2.6. The srg(75, 32, 10, 16) exsits if and only if ETF(19, 76, 1/5)
exists.
Furthermore, we can have two other SRGs connected to the existence
of ETF(19,76,1/5).
Lemma 2.7. If either srg(76, 30, 8, 14) or srg(76, 35, 18, 14) exsits then
ETF(19, 76, 1/5) exists.
Lemma 2.7 is a new result and we have two different ways to prove it.
The first approach is based on the fact that the projection of the vertex
set of an SRG onto a non-trivial eigenspace is a spherical 2-distance set
and a spherical 2-design [13]. Every spherical 2-design is a tight frame.
Therefore, the projections of SRGs are two-distance tight frames which
have been discussed in [5]. We define the notion of general spherical
t-designs as follows.
Definition 2.8. [16] Let Harmt(R
n) be the set of homogeneous har-
monic polynomials of degree t in Rn. Let t be a natural number. A
finite subset X of the unit sphere Sn−1 is called a spherical t-design if∑
x∈X
f(x) = 0, ∀f(x) ∈ Harmj(Rn), 1 ≤ j ≤ t.
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We are interested in the minimum cardinality of a spherical design
when t and n are given. Delsarte, Goethals and Seidel [16] proved that
the cardinality of a spherical t-design X is bounded below,
|X| ≥
(
n+ e− 1
n− 1
)
+
(
n+ e− 2
n− 1
)
, |X| ≥ 2
(
n+ e− 1
n− 1
)
for t = 2e and t = 2e+1, where e ∈ N. The spherical t-design is called
tight if the above bounds are attained. If X is a tight spherical 2s-
design, it is immediately a maximum spherical s-distance set attaining
the linear programming bound in [16]. Also, X is a spherical 2-design
if and only if X is a tight frame with the center of mass at the origin
[13] [29, Chapter 1].
Theorem 2.9. [16][13, Theorem 5.3 and Proposition 5.1 ] Let G be
a connected strongly regular graph which is not complete multipartite,
and let X be the projection of the vertex set of G onto a non-trivial
eigenspace, re-scaled to lie on the unit sphere. Then X is a spherical
two-distance set and a spherical 2-design.
Notice that an SRG has two non-trivial eigenspaces. Therefore, every
SRG gives rise to two different spherical two-distance sets which are
also spherical 2-designs.
Example 2.10. If srg(76, 35, 18, 14) exists, then we will have two dif-
ferent spherical two-disance sets and 2-designs. The first, S1, has 76
points in R19 with inner product values ±1
5
and the second, S2, has 76
points in R56 with inner product values −3
35
and 1
20
. Both of them are
also spherical 2-designs.
S1 gives rise to 76 equiangular lines in R
19. Therefore, if srg(76, 35, 18, 14)
exists, then ETF(19, 76, 1/5) exists. By [5, Proposition 3.1], the shifted
2-design of S2 is a two-distance tight frame with inner product values
± 1
15
in one higher dimension (R57), i.e. it is an ETF(57,76,1/15). By
the results of complementary equiangular tight frame [14, Corollary
3.2], an ETF with M elements in Rn exists if and only an ETF with
M elements in RM−n exists. Therefore, ETF(57,76,1/15) exists if and
only if ETF(19,76,1/5) exists.
Applying Theorem 2.9 again, the projection of srg(76,30,8,14) results
in an ETF(57,76,1/15) and a spherical two-distance set with 76 points
in R18 with inner product values −4
15
and 7
45
. The shifted 2-design [5] of
the latter case has inner product values ±1
5
in R19, i.e. it gives rise to
ETF(19,76,1/5). Both of the projections of srg(76,30,18,14) give rise
to ETF(19,76,1/5).
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To summerize, if either srg(76,30,8,14) or srg (76,35,18,14) exsits,
then ETF(19,76,1/5) exists. Lemma 2.7 follows.
The second approach is as follows : if the Gram matrix of an ETF
has the regular property (i.e. each row has the same number of c),
we can use two different SRGs to construct the Gram matrix of an
ETF. Conversly, if an ETF has the regular property, based on the tight
frame conditon for Gram matrix, it gives rise to two different SRGs.
This approach has been discussed in [29], [5] and [17]. Following this
approach, we can use the adjacency matrix of srg(76,30,8,14) or srg
(76,35,18,14) to construct the Gram matrix of ETF(19,76,1/5). We
work indepedently and notice that [17, Corollary 4.5] implies the same
result for Lemma 2.7.
Theorem 2.11. [17, Corollary 4.5] If there exists an srg(v, k, λ, µ)
with v = 4k − 2λ − 2µ then there exists an srg(v − 1, k v−2k
v−2k−1 ,
3k−v
2
+
3k
2(v−2k−1) ,
k
2
v−2k
v−2k−1).
3. Main results
In general, there are no constraints on the common angle of equiangu-
lar lines. However, if there are 76 equiangular lines in R19, the common
angle has to be 1
5
.
Lemma 3.1. If there are 76 equiangular lines in R19, then the common
angle of those equiangular lines is 1
5
.
Proof. By Theorem 2.2, since 76 > 2 · 19 + 3, then the common angle
of 76 equiangular lines in R19 has to be 1
3
or 1
5
. By Theorem 4.5 in
[22], we know that if the common angle of equiangular lines is 1
3
and
n ≥ 15, then the upper bound for such equiangular lines is 2n − 2.
Since 76 > 2 · 19− 2, then the common angle cannot be 1
3
. 
Lemma 3.2. If there are 76 equiangular lines in R19 with the common
angle 1
5
, then ETF(19,76,1/5) exists.
Proof. If there are 76 equiangular lines in R19 with the common angle
1
5
, then there exists a set of unit vectors S = {xi}76i=1 ∈ R19 such that
|〈xi, xj〉| = 15 for all 1 ≤ i 6= j ≤ 76. Then,
FP (S) =
76∑
i,j=1
|〈xi, xj〉|2 = 76 + 76 · 75 · (1
5
)2 = 76 · 4 = 76
2
19
.
By Theorem 2.3, since FP(S) attains equality (1), then S is an tight
frame. Namely, S is an equiangular tight frame, and hence ETF(19,76,1/5)
exists. 
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Theorem 3.3. There are no 76 equiangular lines in R19.
Proof. By Lemma 3.1 and 3.2, if there are 76 equiangular lines in R19,
then ETF(19,76,1/5) exists. Furthermore, by Lemma 2.6, there exists
srg(75,32,10,16). However, this contradicts Azarija and Marc’s result
that there is no srg(75,32,10,16) [1]. 
Corollary 3.4. srg(76, 30, 8, 14) and srg(76, 35, 18, 14) do not exist.
Proof. By Lemma 2.7, if either srg(76,30,8,14) or srg(76,35,18,14) ex-
ists, then ETF(19,76,1/5) exists, i.e. there are 76 equiangular lines in
R
19. It contradicts Theorem 3.3. 
A. V. Bondarenko, A. Prymak and D. Radchenko proved the nonex-
istence of srg(76,30,8,14) [10]. Here, we use the connetion between
an SRG and a two-distance set to offer an alternative proof. For
srg(76,35,18,14), the paper [1] indicated that the proof is obtained from
personal communication with Haemers. Here, we offer the prove by the
notion that the sphere embedding of an SRG will obtain a sphericla
two-distance set which is also a spherical 2-design.
Remark 3.5. Recently, nonexistence of the srg (95, 40, 12, 20) is proved
in [2]. Similar discussion also can prove that there are no 96 equiangu-
lar lines in R20 and the nonexistence of srg (96, 45, 24, 18) and srg(96, 38, 10, 18).
4. Discussion
We are interested in determining the maximum number of equian-
gular lines in Rn. For n = 2, 3, 5, 6, 7, 21, 22, 23 and 43, the maximum
equiangular lines are ETFs. Previously, n = 19 and 20 are conjectured
the existence of ETFs to attain the upper bounds 76 and 96 respec-
tively. However, we prove the case n = 19 not attained. For n=20,
there are three SRGs connected to the existence of ETF(20,96,1/5). Us-
ing the same ideas in Lemma 2.6 and 2.7, we can show that srg(95,40,12,20)
exists if and only if ETF(20,96,1/5) exists and if srg(96,45,24,18) or
srg(96,38,10,18) exists, then ETF(20,96,1/5) exists. However, by [2],
we know none of them exist. (Ref: Remark 3.5)
We note that for several of the sets of parameters that correspond
to open cases in Table 1, their cardinality matches the best known up-
per bound on the size of equiangular line set in that dimension (the
semidefinite programming, or SDP, bound of [7]). If we know the ex-
istence of any SRGs in Table 1, we will obtain new results for maxi-
mum equiangular lines in that dimension. Specifically, this applies to
n = 42, 45, 46. For instance, in the case of n = 42 the SDP bound gives
M = 288 and c = 1/7 (it is not known whether a set of 288 equiangular
lines in R42 exists). Using our approach, we observe that such a set
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could be constructed from srg(287,126,45,63), srg(288,140,76,60) and
srg(288,164,100,84). Unfortunately, neither of them is known to exist
(or not). Notice that in table 1, we know the nonexistence of srg(540,
308,190,156). However, this is not sufficient to show the nonexistence
of ETF(45, 540, 1/7). Therefore, the existence of 540 equiangular lines
in R45 remains an open question. Furthermore, we want to connect the
notion of tight spherical 5-designs with ETFs.
Theorem 4.1 (Gerzon). [22] If there are M equiangular lines in Rn,
then
(2) M ≤ n(n + 1)
2
Currently, Gerzon’s bounds are attained only for n = 2, 3, 7, and 23.
Note that if there are equiangular lines attaining the Gerzon bound,
then the common angle is 1√
(n+2)
[22, Thm.3.5].
Theorem 4.2. [16, Theorem 5.12] If S is a tight spherical 5-design
in Rn, then |S| = n(n + 1) and the inner product values between each
pair of points in S are -1 and the zeros of the polynomial C2(x) =
1 + (n+2)(nx
2−1)
2
.
The zeros of C2(x) are ± 1√n−2 . If S is a spherical tight 5-design, then
S is antipodal and inner product values are -1 and ± 1√
n+2
. Therefore,
tight spherical 5-designs will give arise to n(n+1)
2
equiangular lines in Rn
and vice versa. By Neumann’s Theorem, when n > 2, 1√
n+2
= 1
2m+1
,
where m ∈ N. Therefore, n has to be an odd square minus two, i.e.
n = (2m + 1)2 − 2 for some positive integer m. The existence of
a tight spherical 5-design in Rn is equivalent to the existence of an
ETF(n, n(n+1)
2
, 1√
n+2
). Futhermore, such ETFs minimize potential en-
ergy for each completely monotonic potential function, i.e. they are
universal optimal codes [15]. For instance, for the cases of m = 1 and
2, ETF(7,28,1/3) and ETF(23,276,1/5) form very nice configurations
in the corresponding dimension. Based on the results of E. Bannai, A.
Munemasa, and B. Venkov [3] and Nebe and Venkov [23], there are no
tight 5-designs in Rn, where n = (2m+1)2−2 with an infinite sequence
of values of m that begins with m = 3, 4, 6, 10, 12, 22, 38, 30, 34, 42, 46.
For m = 3 and 4, we that ETF(47,1128,1/7) and ETF(79,3160,1/9)
do not exist. Using the same ideas in Lemma 2.6 and 2.7, we can
show the nonexistence of srg(1127,640,396,320), srg(1128,644,400,324),
srg(1128,560,316,240), srg(3159,1408,1064,702), srg(3160,1575,870,700)
and srg(3160,1755,1050,880). Note that the first two cases are known
to not exist in Brouwer’s table [11].
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n N c comments
42 288 1/7 srg(287,126,45,63)(o)
srg(288,140,76,60) (o)
srg(288,164,100,84) (o)
45 540 1/7 srg(539,234,81,117)(o)
srg(540,266,148,114) (o)
srg(540,308,190,156) (N)
46 736 1/7 srg(735,318,109,159)(o)
srg(736,364,204,156) (o)
srg(736,420,260,212) (o)
Table 1. Parameter sets of possible maximum ETFs.
The label ‘o’ means that the existence of an SRG with
these parameters is an open problem. ‘N’ means that the
srg does not exist.
By [16, Theorem 5.11], tight spherical 4-designs in Rn are the max-
imum spherical two-distance sets with inner product values −1±
√
n+3
n+2
.
Also, n has to be odd square minus three. For instance, if n = 22,
the tight spherical 4-designs in R22 are the maximum spherical two-
distance set in R22 with 275 points and inner product values are 1
6
and −1
4
. Such a spherical two-distance set can be obtained from the
projection of srg(275,112,30,56) and the projection of 276 equiangu-
lar lines in R23. This observation may offer another point of view in
recognizing that tight spherical 5-designs in Rn are equivalent to tight
spherical 4-designs in Rn−1. There are also more connections between
tight spherical designs of hamonic index T and spherical few-distance
sets in [4], [8], [25], and [31]. In this discussion, we like to relate dif-
ferent notions for mathematicians who are interested in frame theory,
SRGs, equiangular lines, spherical few-distance sets, spherical t-designs
and some related topics in algebraic combinatorics.
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